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Nonlinear Heating of a Magnetoplasma:
Temperature of the Ionosphere

Yakov L. Alpert*
Harvard Smithsonian Center for Astrophysics, Cambridge, Massachusetts 02138

Results of the theoretical study of nonlinear heating of a multicomponent magnetoplasma (of the ionosphere)
under the action of an electric field E = Ege’*’ are considered in this paper. All of the kinds of collisions between
the constituents of the plasma (electrons, ions, neutral particles) and their velocities are taken into account. In
some cases the self-consistent solution of the correspbnding systems of equations is studied. Numerical results
characterize altitude, frequency, and angle dependencies of the temperatures of the ionosphere’s constituents in
the altitude range Z = 100-1000 km, in the frequency band F = 1-10* Hz, and angles © = 0-90 deg. The
temperature of all of the particles increases very quickly with altitude. At Z = 150 km, the temperatures in the
discussed frequency range become larger than the ionization potential, even when the amplitude of the electric

field Ep = 1-2 mV/m.

I. Introduction

HE nonlinear heating of the ionosphere, under the action

of an outer source of an electric field E = Ege™’ has been
studied by many authors. This problem has a long history. It
began with the papers by Bruevich,! Tellegen,? Bailey and
Martin,’ Forsterling,* and by many others in 1933-38 after the
discovery of the crossmodulation of radio waves of different
frequencies, reflected from the ionosphere, due to the nonlin-
ear interaction of these waves. Shortly after, it was clear that
the mechanism of this effect is created by the increase of the
velocities of the electrons v, and of the other constituents of
the plasma under the influence of the electric field, namely,
the velocities of all of the constituent particles of the iono-
sphere and the collision frequencies » between them, and their
temperatures 7,;,, i.e., the conductivity of the plasma,
become functions of the amplitude E, and of the angular
frequency w of the electric field E, where » = »(Ej,w), v =
Ve,inl[Eo,w,W(Eg,w)} and T = T, , [Ey,»(Ep,w)], and the indexes
e, i, and n denote, respectively, electrons, ions, and neutral
particles. Thus, the equations that determine these values and
describe their behavior in the magnetoplasma become nonlin-
ear. To learn theoretically about this problem, the self-consis-
tent solution of the adequate systems of equations must be
used.

It is self-evident that the heating in a collisional plasma acts
in large plasma regions. The influence of the electric field
covers regions with linear scales much larger than the mean
free paths of the particles. Many nice effects created in these
regions were described in dozens of papers and in some mono-
graphs. Many references to these works can be found in the
comprehensive monograph in this field by Gurevich.’ Earlier
references are cited in Alpert.6

However, it is seen from the following that the theory of the
heating effects, known from the literature (see, for example,
Ref. 5), is working in a limited frequency band, namely, when
> 0} 4 vovy (wp = 27F,, Fy is the lower hybrid frequency),
i.e., in the ionosphere at frequencies F = (4-5)10* Hz. Addi-
tionally, in the earlier studies, the influence of the velocities of
the ions and the neutral particles, and also the influence of the
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collision frequencies »;, between the ions and neutral particles,
etc., were not taken into account in detail.

In this work, results of a theoretical study of the heating of
a magnetoplasma are given, taking into account all kinds of
collision frequencies and also their temperature dependen-
cies, i.e., their dependence on the electric field E = Ege™".
Some results of numerical calculations of the temperatures 7,
T;, and T, of the electrons, ions, and neutral particles are
presented here for the ionosphere in altitude, frequency, and
angle © dependencies in the regions Z = 100-1000 km, F =
1-10* Hz (O is the angle between the wave’s electric field E,
and the geomagnetic field Hy).” Some of these calculations are
based on the self-consistent solution of two systems of equa-
tions in the hydrodynamic (microscopic) approximation. One
of these systems [see Eq. (1)] consists of three vector (nine
scalar) Lorentz equations of the derivatives of the velocities
V., V;, and ¥, of the particles. The second system of three
equations [see Eq. (2)] consists of the derivatives of the tem-
peratures d7/d¢, d7;/d¢, and d7,/d¢.

The general formulas of the self-consistent solution are very
complicated and bulky; they are absolutely immense. Only
numerical results should be used to learn the 7,;, and V,;,
dependencies in this case. However, in the » = const approxi-
mation, i.e., when v, = V0, Ven = Ven,0> Vin = Vino» and the
electric field dependence of » is not taken into account, the
analytical formulas obtained are sufficiently transparent.
These formulas were used for some calculations. It was impor-
tant to evaluate the applicability of the formulas obtained for
v = const. For this purpose and also for the full study of this
problem, the velocities and temperatures are calculated, in
some cases, both with the full systems of equations (1-3) and
with the shortened systems of Eqgs. (1) and (2). In the last case,
the neutral particles temperature T, = T, ¢ = const.

The dependencies of the temperatures on time, namely, the
process of their transition to the stationary state, is illustrated
by some examples. The role of the neutral particles is impor-
tant in this process. The system of equations of the tempera-
tures (d7,/d¢),, does not have a stationary solution. Mathe-
matically it is clear: the determinant of this system A =0.
Therefore T, increases in time. The temperature of the neutral
particles even becomes a source of the heating of the electrons
and ions. From the very beginning of the action of the electric
field, the source of the heating of the neutral particles is the
energy transferred to them by the collisions with the electrons
and ions. The values (7,— T,) and (7;— T,,) are positive. How-
ever, increasing in time, T, becomes equal to 7;. From that
moment, the degree of the growth of the temperatures be-
comes large and larger, and the temperature of the electrons
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Table 1 Parameters of the ionsophere

Z, km 100 120 150 200 300 400 500 800 1000
Ny, cm~3 3.7x 103 3x 1012 6 x 1011 5 x 1010 3Ix 100 5x 108 5% 107 2 x 106 4x10°
Ne = Nj 10% 1.2 x 105 1.5 % 105 5% 10° 1.8 x 106 1.5 x 108 106 4% 103 2.3 x 105
n = Neg/Ny ~3x10-9 4x10-8 2.5%x10-7 105 6x10-4 3x10-3 2%x10-2 2%x10-1 5.7x 101
M+ /Mg, 28 25 20 12 5 3 2 1.2 1
(u = m/M)10* 1.94x10-1 236%x10-! 2,72x10-1 3.4x10-1 54x10-! 1.81 2.72 3.62 5.44
\//7 x 103 4.40 4.85 5.21 5.83 7.35 13.4 16.5 19.0 23.3
T,K 220 400 600 1000 1500 ~ 1800 ~ 1800 ~ 1800 2000
ve X 10-7, cm/s 0.3 0.46 0.63 1.1 2.0 2.8 3.5 4.5 5.2
Ven, S~ 1 2 x 105 2 x 104 3x 103 3 x 102 3x 10! 6.0 0.7 10! 8x 1073
Viny §~ 1 8.8 x 102 9.7 x 10! 15.6 1.75 0.22 8x10-2 1.15x10-2 1.9x10-3 1.8%x10-4
Vei, 71 103 9 x 102 6 x 102 2 x 103 3x 103 1.5x 103 3 x 102 1.5 x 102 70
e X vin) 1.76 x 108 1.1 x 108 5.6 x 10* 4.02 x 103 6.67 x 102 1.2 x 102 3.45 2.8%x10-!1  1.3x10°2
(wo X 10-6), Hz 17.84 19.54 21.85 39.89 75.69 69.09 56.4 35.6 27.1
Qo x 10~3), Hz 78.70 91.20 114 268 790 931 930 758 637
(wp X 10-6), Hz 8.40 8.29 8.20 8.02 7.66 7.31 7.02 6.22 5.68
Qs x 10-3), Hz 0.163 0.180 0.223 0.272 0.414 1.33 1.91 2.25 3.09
(W, X 10-%), Hz 3.70 3.86 4.28 5.40 7.93 9.86 11.58 13.24 13.25
na 490 500 517 859 1326 698 486 289 153
Vax10-7, cm/s 6.1 6.0 5.8 3.5 2.3 43 6.2 10.3 19.6
comes larger and larger, and the temperature of the electrons and
becomes larger than it would be without the influence of the T 5
neutral particles. The process as a whole does not have a e < T I _
stationary solution. To stop the growth of the temperatures, in &t 3 €Ve - E— beivei(Te—Ti) = Oenven(Te— Tro)
addition to collisions, other sources of loss of the energy
accompanying the heating of the magnetoplasma must be dT. )
taken into account (see Sec. I1.D). —(—i—t’ = -3 eV E +8,vei(Te—T;) = 6invin(Ti—Tro)  (2)
II. Nonlinear Heating of a Magnetoplasma

The theoretical results of the study of the heating of a dT

magnetoplasma under the action of the electric field Ege’! in Ny == = No8epven(To— Tro) + Nivin0in(Ti— Tpo)

the microscopic (hydrodynamic) approximation are given in
this section. Some results of numerical calculations, mainly of
the electron temperature at different altitudes Z of the iono-
sphere and different angular frequencies w = 27F, are given in
Sec. III. It was noted earlier that the microscopic theory has
difficulties from the very beginning because the appropriate
system of equations does not have a stationary solution. How-
ever, this point becomes crucial at high altitudes of the iono-
sphere (Z >, » 300 km) and, especially, in the magnetosphere
and in a full ionized plasma, where the collision frequency
between the ions and neutral particles »., ~ , = 0. In this case,
the theory must be improved by introducing thermal losses in
the adequate equations. Some of these effects are discussed in
Sec. I1.B.

A. Statement of the Problem: Microscopic Theory

Let us consider a magnetoplasma under the action of an
alternative electric field E = Ege’’, characterized at the start-
ing point of this process ¢ = 0 and E, = 0 by the following:

It is an isothermal plasma, 7,9 = T;y = T,, and the temper-
atures of all of the particles are equal.

It is a quasineutral plasma, N,y = N;, and the densities of
the electrons and ions are equal.

It uses one kind of neutral particles N, . The effective mass
of different kinds of neutral particles and ions is equal to
M, = M; = (EN;M/N,), where N,, = EN,, and N, and M; are
their densities and masses.

Then the temperatures and velocities of the electrons, ions,
and neutral particles under the influence of Ege™’ are de-
scribed by the following systems of equations:

dv, E
e L WX B) = v(Vem VD) = ven(Ve— Vi)
dr m mc

@Y, _eE e

m
ar =27 Tz VX B+ vaVe= Vi) — v (Vi= V) (1)

dav,
— = mNeVen(Ve_' Vn) + MMVin(Vi_ Vn)

MN,
" odt

dz

where 6., 4., and §;, are, respectively, the energy lost by the
electrons due to their chaotic collisions with the neutral parti-
cles and ions and the energy lost by the ions due to their
collisions with the neutral particles. In the calculation, the
values &, = 6,; =2 x 10~3 and §;, = 1 were used.’

In addition to Egs. (1) and (2), the following formulas of
the collision frequencies must be used:

T.o |32 6{0.37[T.(E)/e2N}"?1)
Vei (Eo,®) = Vei0 .

T.(E) $[0.37(Too/e2N?))
T.(E)|”
Ven (EO,O-’) = Ven,0|:_(__)] (3)
Te,O
T{E) |
Vin(Ep,®) = Vin0 T
L0

where v 0, ¥en0 and v, are the initial values of the collision
frequencies when Ej = 0, and the members f[...] are the
so-called Coulomb logarithms.

Thus the systems of equations are interconnected and a
self-consistent solution of Egs. (1) and (2) should be used to
study in sufficient completeness the problem considered here.
Namely, this general statement is the crucial point, both for a
full and correct understanding of the process of heating of a
magnetoplasma in the frames of the microscopic (hydrody-
namic) approximation and also for a correct quantitative esti-
mation of the temperatures.

B. Velocities V,;,: Approximation » = const

By solution of the system of Eqgs. (1), the formulas of the
velocities of the particles are transparent when the dependence
of the collision frequencies on the electric field is not taken
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into account, it is the approximation » = const. In this case the components of the electron velocities are the following:

- edy (1 — 52, — ) + pei(Bei— Fen)] — i(Ubei + ¥in)
Vex = Ey' —— o) T~ 12 ~2 T~ N2
mw [(1 = 5,75 — &%) + i0.}* — @p(l + D)
v —e L [i((l + 15 [(1 = PeBin) + i5,] = Q5 (1 + Gen—NTin)@in/ 0 + invyy)] })] @
Y me (1 = 5, 5m— @2) + i3, — 0%(1 + i5y)

- e
Vez=;1;Ez'|:

The components of the ion velocity are

V,'XZ

i1+ i) ]

(1= Peby) + iV,

mw

- eQHE . {ﬂ[l + i(,u'iei + ;in)]z - ‘:’i + [Pei + inVey (Ven/ @ + inVin)](z + iﬁiﬂ)}
’ (A~ Pevin — ‘I’%) + iﬁe]2 - ‘:’%-1(1 + iﬁin)z

e {1 4+ 0[Pen — Ve Wen/ @ + inviy)1 (1 — Bo7i) +07,]
Viyz_ﬂ_Ey,<{ G — M/ 0 + inri) I~ e )+ i —<I>,~(...)>
mo [ = P9y — @7) +07,)° — o051 + i)

and the velocity of the neutral particles V,, estimated by the
velocities of the electrons and ions ¥, and V;, is equal to

Ve + G/ pien) Vi

V,= ~ - . -
[+ G/ pen) — (i/1 pien)]

Equations (4-6) are calculated in the coordinate system
(x.y,z) where the magnetic field Hy = Hy(0,0,H,), i.e., it is

(5)
B )= < IGH{L + i[Pim — NV in/ @ + invi)]} )
TN = Bebiyy — @) + i1 — 351 + i5i)?
en <i (1 + i[Poy = NonWen/ @ + invi)] }>
Viz = Ez ‘ - T~
mow QA — 7.0 +ib,
and their real parts are
_ eEO Ve""2 - Vin(‘*’2 - VeVin)
©) Re(Ve) = (@ — vevin)? + v20?
©
RC(V,) — — ek . Ve""2 - Ven(‘-')2 — VeVin)

parallel to the axis z, and the electric field E; lies in the plane
(z2), i.e., Ey = Ey(0,E, ,E;), (0, E; sin O, E, cos 0). Addition-
ally, in Egs. (4-6) the following dimensionless values are used:

Ve ~ _ Ven ~ _ Vin
Vei = Ven =, Vin = —
w w
- Vei + Ven o VeVin
Ve = s VeVin ==, )
w [5)
P QH - wrr - wy,
Qh__’ Wy =", Wy ="
W w [6]

where @y, w; = (Qywy)”, and wy are, respectively, the angu-
lar ion, lower-hybrid, and electron gyrofrequencies, u = (m/
M) and n = (N,/N,) = (N;/N,).

C. Temperatures T.(E) and T;(E) of the Electrons and Ions

By calculating the temperatures, it is convenient and physi-
cally more acceptable to use the dimensionaless values w/v
instead of »/w because v, = v,; + v,, is never equal to zero.
Then, for example, the components of the velocities ¥, , and
V. (they are the same as in an isotropic plasma) are equal to

_eE [ = i(w/vin)ll — (@*/verin) + i(w/vin)]

V,=V,=
¢ “ mpyv, - (‘-’-’z/l’e‘l’in)]2 + (wz/”:?n)
®)
Vi = Viz = —e_sz 'M
mve Vin

) [1 — (ven/w + invy) — i(@/Pe)[] — (0*/ vevin) + i(w/ vip)]
[1- (wz/VeVin)]z + (wz/vizn)

M (0 — vevip)? + via?

Let us note here that by approximation used in the earlier
studies’ the following equations of the velocity ¥, of electrons

y, = € __Lm____
T mod + (e—iw)?
2
o wh(EoHo) wH(EoHo)]
- | Eo(ve— + H — 10
I: O(Ve lw) H()Z(Ve—iw) HO ( )
and of Re(V,), when Hy =0,
— ek,
Re(V,) = —0 . Ye an

m w? + vg

were used. By comparing Eqs. (10) and (11) with Eqgs. (4) and
(9), it follows that the equations of ¥, and certainly also of the
temperatures, used in these studies, are effective only when

W > wi + VeVin (12)

W >V, W > V0, and

Transparent, but still rather complicated, formulas of the
temperatures of the electrons and ions T,(Ey,w) and T;(Ey,w)
can be obtained only by the approximation » = const from the
self-consistent solution of the system of Eqgs. (1) and the
shortened system of Eqs. (2), namely, when in the third equa-
tion of Eq. (2) (d7,/dt) = 0. These formulas are as follows:

e?E?
=l+——
TnO 3maeyeTn0

®(...) a13)
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where
®(...) = [A(»)[cos?ORe(V,;) + sinORe( V;y]}
+ {Ax(»)[c0s2wtF, 1(r,w) + sin2wtF, »(v,w)] } (14)
In formula (14), the members proportional to (m/M) -
[Re(Vey,2)], and m/M - Im(V,,) are omitted and the following

notations are used:

Ve + (Vin/ 8 )1 + (Wen/ vei)]

Aiw) =
Ven + (Vin/ 81 + (Ven/ vei)]
(15)
Ax) = {Wen + win/ 8P + 405} %
A3,lBl - 20)32 AS,ZBI - 20)Bz
Fu(v,w) = 2 2 2 2
Az + 4w Aszy + du
. (16)
AS,IBZ - Z(DBI A3,ZBZ - 20)B1
Fp(v,w) = A2 5 2 2
3 + 4w Ajy + 4w

Bi(v) = b veill + (Win/ 8ovei)l[cOS’ORe{ Vop ) + sin?ORe{ Vs, }]

+ 20[cos?OIm{ V,, } + sin’0Im{V,, }]
amn

By(v) = 8v4i[1 + (0in/ 8ov) [cOs*OIm{ V,, } + sin?OIm { Vey 31
— 20[cos*ORe{V,, } + sin’ORe{V,; }]

In addition, the values Re{V,}, Re{V,}, Im(V,,}, and
Im{V,}, are the real and imaginary parts of the terms in
braces of the appropriate components of the velocity ¥, [see
Eq. 4)].

It is seen from Eqs. (13) and (14) that the temperature 7, has
two members. One of them estimates the stationary (¢ — o)
temperature, not depending on time. The establishment of the
stationary temperature is illustrated next by some results of
calculations. The second member of Eq. (14) describes the
harmonic periodical variation of the temperature; it is chang-
ing in time by the double frequency 2xf of the electric field
E ~ 2% In the following, we discuss numerical results only
of the stationary temperature. :

8
10
Te(Eg W)
no

£
J. 1E

Ionization region

0 1 2 3 4 5 x200
Z.km
Fig. 1 Altitude dependencies of the ratios 7T.(Ey,w)/Tnp and
Ti(Eo,w)/ Trno, © = 0: approximation » = const; F =1 Hz—1, F = 103
Hz—2; approximation » = »(Fy,w); F =1 Hz—15, F =103 Hz—2g
[Ti(Eo,w)/ Thol is given by dots. The region of ionization is marked by
a thin line and vertical arrow.
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Fig.2 Establishment of the collision frequencies »(Fo,w) in time 7,
Z =10*km, F =1 Hz.

It is useful to introduce a characteristic field E),,> which can
be, in its own way, a measure of the intensity E7 of the field
needed for a remarkable heating of the magnetoplasma. When
O =0, i.e., in an isotropic plasma, from Eqgs. (13) and (14) it
follows that

3mo,v2Th A(r,w)
e? A 1(1/)

E} = 8

and the stationary temperature of the electrons is determined
by

T (Eo, EZ
[——"( 0 “’)} =1+22 (19)
TnO stat Eh

The stationary (f — o) temperature of the ions is determined
by the following equation:
T:(Eq, E} 1 a) | 7!
Tl _ | | B 1+—ﬂ<1+”i> 0)
TnO E h 68 Ve Vei,
where A,(») is given by Eq. (15) and

[1 = @/ verin)]* + (/)
[1- (wz/Ve vin)l + ("-’2/1’%")

A@pw) = =[re.Re{¥ }I7" (@21

Certainly we can see by comparing Egs. (13) and (20) that the
temperature T;(Ey,w) of the ions is lower than the temperature
T.(Eg,w) of the electrons. However, in the ionosphere this is
remarkable only at the low altitudes of the ionosphere
Z = 100-200 km. At Z < 200 km, T;(Ey,w) = T,(Ey,w).

The time-dependent part of the ion temperature is deter-
mined by the same formulas as for the electrons [see Eqs. (13)
and (14)], by replacing in the functions F(...) and B(...) [see
Egs. (16) and (17)] the values V,, and V., of the velocity
components of electrons by the values ¥, and V;, of the ions.
The formulas (4-6) given earlier were used in some numerical
calculations of the temperatures with the » = const approxi-
mation (see Sec. III). Because of the diverse character of the
problem studied here, let us briefly emphasize again some of
its aspects.

D. Some Peculiarities of the Problem

It is obvious that in the frame of the microscopic (hydrody-
namic) approximation used in this study, the magnetoplasma
should be a collisional medium. However, if it would be, for
example, a full ionized magnetoplasma, i.e., if it is character-
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Fig.3 Same as on Fig. 1 for F =103 Hz: approximation r=
const: 19— 0 = 0; 29— 0 = 75 deg; approximation » = »(Fg,w): 1g—©O
=0; 2 —0 =175 deg.

ized only by the constituent particles N, = N;(N, = 0) and by
one kind of collision »,; between the electrons and ions, then
the used equations of the temperature would not have a sta-
tionary solution. The temperatures of the electrons would
increase continuously all the time of the action of the electric
field. It is because the loss of the energy of the electrons
accelerated by the electric field is equal to the energy transmit-
ted by them to the ions. Mathematically it means that the
determinant A, of the first two equations of the system (2)
becomes equal to zero. But this should happen, for example,
when we consider these processes in the magnetoplasma at far
distances from the Earth where »., —0.

Within the limits of this study, the problem of the absence
of a stationary solution of the three equations of Eq. (2) exists
from the very beginning if the equation of the derivative of the
temperature (d7,/dt) of the neutral particles is taken into
account. Mathematically it is because the determinant of the
system in Eq. (2) A3 = 0. The temperature 7, of the neutral
particles is increasing continuously under the action of the
electric field and can even become a source of heating of the
electrons and ions. The crucial region of the ionosphere,
where this process becomes highly noticeable, is at the alti-
tudes Z >300 km. The values 7T, and T; become larger in this
region than they would be by the solution of the shortened
system of Eqgs. (2).

Thus it was important to learn the applicability of the
microscopic approximation used in many studies and here by
considering the behavior of all of the temperatures 7,, 7;, and
T, by the two approximations: » = const and »(E). Especially
it was important to study the role of the neutral particles. The
appropriate results of this study are given in the next section.
Here let us only shortly note how the continuous growth of the
temperatures of the plasma can be stopped.

The heating of the magnetoplasma is accompanied and
regulated, in addition to the collisions »,;, v, and »;, by
many other processes. Their role should be of different de-
gree. One of the most important of these processes is the
ionization of the neutral particles by the accelerated electrons
under the action of the electric field Eype™!.

The velocity of the electrons becomes in the ionosphere,
depending on the frequency w and altitude Z, larger than the
ionization potential E; of the neutral particles. Namely, the
thermal, chaotic velocity v.(E) plays the prime role by this
process. It is considerably larger than the directed velocity

V,(E). For instance, in an isotropic plasma

2KTe(E0’w):I * _RelV.®E)] 20Re[V.(E)] (22)

Ve(E) [ p NS
[see Egs. (5) and (9)]. The ionization potential of the atomic
hydrogen H, particles (they are the main constituent at the
high altitudes of the ionosphere) is equal to E; = 13.54 eV.
Therefore, the process of the ionization begins when
ve(E) = vy = 2.2 % 108 cm/s. It becomes sufficiently re-
markable that the additional density of the electrons N, (E)
can become even considerably larger than the regular density
of the plasma N,, when the amplitude of the electric field is
rather small, even when Ey = 1-2 mV/m. This is seen from the
following.

The cross section o, (E;) of ionization of the atomic hydro-
gen H, increases rapidly with E; up to a sharp maximum
Oomax = (7-8)10"17 cm? and then it smoothly decreases to
Oestar = 2 X 10717 cm? (see Ref. 8), i.e., at the altitude, for
example, Z = 300 km, where the density of H, N, =3 X 10°,
the production of the electrons

I =0, Ny - v.(E) = (10-50) s! (23)

The additional ionization is described by the recombination
equation
dN

- IN — a,N? 24

It follows from Egs. (23) and (24) that, increasing in time, the
electron concentration reaches a maximum of (dN/d¢)=0
equal to N = 10°, even if the coefficient of recombination o,
~ 1078 cm?3-s~!. However, in this region of the ionosphere,
a, <, < 1079, Thus, under the action of the electric field, the
surrounding plasma can become fully ionized, i.e., N, = 10°
cm~3. As a result, the collision frequency between the elec-
trons and ions v.;(E)xN(e)/T,(E)*? becomes very large [see
Eq. (3)). Besides, the growth of 7, should be stopped very
quickly because the electron concentration increases very
quickly. Indeed, in the point of inflection of the time depen-
dence of the N(E,t), where (d2N/dt?) = 0, N = (I,/2c). Thus,
at that point (AN/d¢) = (I2/4«,) is very large and the tangen-
tial of N(E,¢) is almost vertical.

10

Te(Eg W)
< 0

u

|

ol gnnd

~. Ionization region
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0 1 2 3 4 5 x200
Z km

Fig. 4 Same as on Fig. 1: approximation » = const, F =1Hz; 1, 2,
3, 4,5, and 6—0 =0, 30, 60, 75, 85, 90 deg between the vectors E,
and H).
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Another loss of energy that can stop the growth of the
temperature of the magnetoplasma is, for example, the ther-
mal emission of the constituent particles of the plasma, i.e.,
the volume Stefan-Boltzmann emission of the plasma. The
density of this emission is approximately equal to

—7—:{3 * Ng(w)n*(w), erg-s-cm? 25)

B = 43¢

In Eq. (25), n(w) is a coefficient of refraction of the plasma
and ng = n + w(dn/dw) is the so-called group velocity coeffi-
cient of refraction. The heating kinetic losses of the plasma
should be also considered, i.e., the electron-electron and ion-
ion collisions »,, and »; and possibly other kinds of kinetic
thermal losses that, in a sense, are similar to the Landau
damping of electromagnetic waves in a plasma.

Ionization region

0 1 2 3 4 5 x200
100 km Z km

Fig. 5 Altitude dependencies of the ratios of the temperatures: ap-
proximation » = »(Ep,w), 0 = 0; T,(E9,w)/Tno: F =1Hz, 1—-@T,/
dt) =0, 17—~ AT,/d?) # 0; Tp(Eo,w)/Tno: F =1Hz, 3—~(dT,/dt) =
0,3r—@dT,/dt) % 0.
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Fig. 6 The establishment of the temperature 7.(Ep,w) in time; F = 1
Hz, 6 =0, Z =200 km; approximation » = y(Ep,w): a)—(dT,/dt)
= 0; b)—(dT,/dt) #0.
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Fig. 7 Frequency dependencies of the ratios 7T.(Eo,w)/ Tno, Z = 300
km; approximation » = const : 1-0 =0; 2—0 =75 deg, 3—0 =85
deg; approximation v = »(Ep,w) : 1~ =0; 2E—~0 = T75deg; 353~ 0 =
85 deg.

We omit in this paper the discussion in detail of the issue
noted earlier and some other processes accompanying the
heating of the magnetoplasma by an electric field. This is
beyond the frame of this study. Certainly, by taking into
account these effects, the discussed problem becomes rather
complicated. Additional members (even equations) should be
included in the Eqgs. (2) and should be used by the general
solution of the systems (1) and (2).

III. Numerical Results: Conclusions for
Z = 10>-10° km and F = 1-10* Hz

In the following section, we give results of numerical calcu-
lations mainly of the temperature of the electrons and, for
comparison, a few examples of calculation of the tempera-
tures of the ions and neutral particles. The following model of
the ionosphere (see Table 1) and the amplitude of the electric
field Ey = 1 mV/m are used by these calculations. The altitude
dependencies of the electron and ion densities and of the
Lengmuir frequencies fy = we/27 and Fy = Qy/27, given in
Table 1, correspond to the daytime conditions. of the iono-
sphere. The altitude, frequency, and angle 6 dependencies of
the temperatures are presented in plots (Figs. 1-7). The fre-
quencies F = w/27 = 1 and 10° Hz and the angle between the
magnetic and electric field © = 0 and the altitude Z = 300 km
are selected by the calculations to illustrate the most important
results of this study.

It is seen later that the growth of the temperature with
altitude in the frequency range F = 1-100 Hz is very large. It
becomes about 102-10° and many times larger than the initial
temperature of the plasma already at Z ~ 200-300 km. There-
fore, the frequency F = 1 Hz is used to illustrate more dramat-
ically the region where it is necessary to stop the temperature
growth by including in the theory additional losses of energy
(see Sec. II.D). The zone of ionization of the plasma by the
accelerated electrons is therefore marked on the plots by a thin
line and vertical arrows. The frequency band F = 1-10* Hz
that we have used is much smaller but also becomes somewhat
larger than the gyrofrequency Fy = (5/2x) of the ions in the
altitude range discussed. It is also much smaller than the low
hybrid frequency F; = (w;/2w). In addition, the value
Ve = (Vo + vin)vin is much larger than these frequencies at
low altitudes and becomes comparable and also much larger
than at high altitudes. Therefore, the formulas used in the
literature are ineligible for these calculations. The used angle
© = 0 corresponds to the isotropic plasma and characterizes
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the behavior of the maximum values of the temperature. How-
ever, the evolution of these dependencies on different values
of © are also given and the influence of the magnetic field H,
is shown by these data.

The results of the numerical calculations mainly correspond
to the approximation » = const, i.e., the shortened system of
Eq. (2) is used and it is assumed that (d7,,/d¢) =0, T,, = Tpo.
However, results of the self-consistent solution of the full
systems of Eqgs. (1-3) are also given by some examples and the
role of the neutral particles is discussed.

Let us now describe in more detail the numerical results by
the plots presented here.

A. @7T,/d)=0

First of all, let us consider the altitude dependencies of the
ratio of the temperatures T,(E,,) and T;(E,,) to the initial
temperature of the plasma Ty, shown on Fig. 1 for F = 1 and
10? Hz, calculated by the shortened system of Egs. (2) and by
the two approximations: » = const and » = »(T) = »(E) ).
How the collision frequencies »(E,¢) reach their stationary
values at the altitude Z = 103 km and F = 1 Hz, is also shown
for sake of illustration, on Fig. 2.

The following is seen by examining Fig. 1.

1) The temperatures of the electrons and ions increase
quickly on both frequencies. They become equal in the alti-
tude region Z ~ 200-250 km.

2) The temperatures, when F = 10° Hz, have a maximum at
Z ~ 200 km by the approximation » = »(E,w). The same hap-
pens by approximation » = const when F =1 Hz.

3) At Z = 300 km, the temperatures are smaller by the ap-
proximation » = »(Ey,w) than by the approximation » = const.

4) The process of ionization by the accelerated electrons is
acting almost in all of the altitude regions when F = 1 Hz and
does not play a role, when F = 10° Hz, especially at Z = 300
km. Thus, the process of the ionization should be stopped
when F = 1 Hz at the altitude Z = 120-150 km.

These properties of the nonlinear heating process of the
ionosphere are typical. Namely, the behavior of T, and T; for
F =1 Hz is typical for the frequency band F = 1-102 Hz and
at frequencies a little higher. The behavior for F = 10° Hz is
typical for the frequency band F > 10?-10° Hz (see Fig. 7). The
altitude dependencies of T,(Ey,w)/ T, given on Figs. 3 and 4
illustrate in more detail these characteristics. It is also seen
that the temperature diminishes very quickly with the angle
when 60 deg <O —90 deg.

B. (dT,/dt)#0

Some results of the self-consistent solution of the full sys-
tems of Eqgs. (1-3) are presented in Fig. 5. Not to overload this
figure, only the 7, and T, dependencies are given in it. The
main new important characteristics of these dependencies in
addition to those given in the previous section are the follow-
ing:

1) The temperature T, of the neutral particles increases very
quickly at altitudes Z > 200 km. It approaches the tempera-
ture 7, of the electrons at Z > 400-500 km and becomes close
to T, similarly to the temperature of ions, T7;.

2) At the altitudes Z >400 km, the temperatures 7, are
larger on both the frequencies by the approximation (d7,/
dz) # 0 than by the approximation (d7,/dz) = 0.

3) At least at Z = 300 km, the heating of the neutral parti-
cles becomes a source of the heating of the electrons and ions.
The growth of 7, should be stopped, similarly to the case
(dT,/dr) = 0 at these altitudes (See item 4 in Sec. III.A).

4) In general, the heating of the neutral particles is an im-
portant part in many cases of the process of heating of the
plasma.

The establishment of the temperature 7,(Ey,t) to its station-
ary value is shown on Fig. 6 for F =1 Hz and O = 0. This
process goes on very slowly when (d7,/d¢) #0, compared
with the case (d7,/dr) = 0.

C. T.(F,0)

Frequency dependencies of the temperature T, of the elec-
trons at Z =300 km and different values of the angle O,
calculated for the both approximations and Ep = 1 mV/m, are
given in Fig. 7. In a sense, Z = 300 km is a transition region
because the heating of the neutral particles is still not too large
in this region (see Fig. 5).

The behavior of the frequency dependencies of T,, are in
agreement with those earlier conclusions in Secs. III.A. and
II1.B. The heating of all kinds of particles is very high in this
region. Even by amplitudes of the field Ey ~ 102-10-! V/m,
the temperatures of the electrons and ions can rapidly reach
values T,(F,,w) = (10-10>)T,, in a broad range of angles O
between the electric field E, and the Earth’s magnetic field H,.
Temperatures T,(E,,w)> 10T, should at least be stopped by
the ionization and recombination and other processes accom-
panying the heating of the plasma by the electric field
E = Eye™!, This does not mean that the temperatures of the
electrons and ions cannot become larger than the critical tem-
perature T, of ionization, let us say, of the atomic hydrogen
H,, which is equal to

T,y =13.5eV=1.16-10*-13.5=1.57-10°, K (26)

However, to answer this question, theoretical calculation
must be done, taking into account losses of energy, in particu-
lar, noted in Sec. II.D.

Summary

The theory of nonlinear heating of a collisional magneto-
plasma in the microscopic approximation was extended, tak-
ing into account the heating of all the kinds of particles, all of
the kinds of collisions between them, and also the interconnec-
tion of these processes.

The numerical results describe in detail the altitude, fre-
quency, and angle temperature dependencies of all of the
constituents of the ionosphere in the frequency range
F = 1-10* Hz and altitude region Z = 10>-10* km.
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